Abstract. By examining knot Floer homology, we extend a result of Ozsváth and Stipsicz and show further infinitely many Legendrian and transversely non-simple knot types among two-bridge knots. We give sufficient conditions of Legendrian and transverse non-simplicity on the continued fraction expansion of the corresponding rational number.
By the theorem of Epstein, Fuchs and Meyer [3] we know that every transverse knot type can be realized as the transverse push-off of some Legendrian knot type. Moreover, two oriented Legendrian knots become Legendrian isotopic after some number of negative stabilizations if and only if their transverse push-offs are transversely isotopic. That is, Legendrian simplicity implies transverse simplicity. However, the converse is not true: there are knot types which are transversely simple but Legendrian non-simple, for examples see [3] .
In Theorem 1.1 we show Legendrian non-simplicity for some two-bridge knots. The proof uses the Legendrian invariant L, introduced in [7] . It is known that L is invariant under negative stabilization, therefore, it is also an invariant of the transverse knot type. Due to these, Theorem 1.1 and its proof is also true for transverse knots: Ozsváth and Stipsicz already stated a very similar result [11, Theorem 5.8.] . Our theorem is a generalization of theirs, in the sense that they assumed that all a i for i = 2, 3 are even, while we drop the conditions on the terms a 2i+1 for i > 1. This way we get much more new examples of Legendrian and transversely non-simple two-bridge knots.
However, the two-bridge knots mentioned in Theorem 1.1 and 1.2 are still not all the Legendrian and transversely non-simple ones. In Section 3, we show even more examples of Legendrian non-simple two-bridge knots that are not included in the above theorems. The way we verify their non-simplicity is a generalization of the proof of Theorem 1.1. As a demonstration, we will prove the following:
is Legendrian non-simple.
Furthermore, we give a method to decide whether an arbitrary two-bridge knot can be proven to be Legendrian non-simple using the same tools as in Theorem 1.1 and 1.2.
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2. Proof of Theorem 1.1 and 1.2
We prove Theorem 1.1; the proof of Theorem 1.2 is the same. We follow the proof of Ozsváth and Stipsicz for [11, Theorem 5.8.] .
Proof of Theorem 1.1. Let L be a Legendrian knot in a contact manifold and L ⊂ (S 1 ×D 2 , ξ T std ) a Legendrian link in the solid torus with the standard contact structure on it. Consider a tubular neighbourhood νL of L. By the tubular neighbourhood theorem [8] , there is a contactomorphism between νL and the solid torus containing L. Therefore, we can embed L into νL. The new Legendrian knot obained this way is Sat(L, L), the Legendrian satellite of L and L.
For the Thurston-Bennequin number and the rotation number the following equations hold [11] : 
(Note that L is independent from a 1 .) For i = m, the innermost element L m contains no further terms in its inner box, inside that there are two horizontal arcs instead. Also note that for the outermost term L 1 the left and right hand side of the rectangle shown in Figure 1 are identified, thus, the arcs numbered with 1 and 4 and the arcs 2 and 3 are connected.
Lemma 2.1. w( L) = 0 in the case when
• a 2 is odd,
• a 1 and a 2i is even for i > 1 ,
The proof of Lemma 2.1 will follow from the general method we give in Section 3.
Consider L as constructed above. L is determined by a 2 , a 3 ,...,a 2m+1 . Let k and l be odd numbers such that k + l = a 1 . For k = 2a + 1 and l = 2b + 1, let U (a, b) denote a Legendrian realization of the unknot with tb(U (a, b)) = − k+l 2 and rot(U (a, b)) = k − l shown in Figure 2 , and consider the Legendrian satellite Figure 4 , the third term of the triangle is a 2-component link: its first component is a knot denoted by K 0 and its second component is an unknot along which we do a surgery. Since this surgery curve is unlinked to K 0 , K 0 is null-homologous.
This distinguished triangle of knots induces an exact triangle of knot Floer homologies HFK, see [13, Theorem 8.2.] . Contact (+1)-surgery along S induces the following map on the homologies:
This induced map preserves the Alexander grading [13] .
vanishes when the conditions of Theorem 1.1 hold.
The proof of Lemma 2.2 can be found in Section 3.
Then, in the exact triangle of homologies in this grading F S is an isomorphism.
For different (k, l) pairs the rotation of the unknot component of the link in Figure 3 is different. Therefore, the contact invariants c(
Since k and l are odd with k + l = n fixed, the number of (k, l) pairs is
denote the space of orientation-preserving diffeomorphisms from S 3 to itself that fix L k,l pointwise. We denote by Diff
) that can be connected to the identity map through a one-parameter family of maps in Diff
. Using these, we define the mapping
, for details see [7] . According to [11, Theorem 2.4 .] this can be lifted to
. Due to [6, 14, 11] , we know that for non-torus 2-bridge knots |MCG(S 3 , L k,l )| = 2. So after considering the action of the mapping class group that can map the L(L k,l ) invariants to each other, we obtain that there are at least ⌈ 
where L is the Legendrian approximation of T .
Further Legendrian non-simple two bridge knots
In this section, we observe what parity conditions are needed for the above proof to work. We give an algorithmically efficient method that tells from the continued fraction expansion of any rational number whether the necessary conditions hold for the corresponding two-bridge knot. This way we get further examples of Legendrian non-simple two-bridge knots. We also prove Lemma 2.1 and Lemma 2.2.
The proof of Theorem 1.1 is based on two lemmas, that is, two conditions have to hold:
vanishes. Figure 1 . L i connects four points of the outer rectangle with four points of the inner one. Denote the four points on the outer rectangle according to Figure 1 : the upper left by 1, the lower left by 2, the lower right by 3, the upper right by 4. Each point is connected to one of the four points on the inner rectangle by an arc, and L i is the union of these arcs. Let π i (1), π i (2), π i (3) and π i (4) denote the other end of the arcs belonging to the points 1, 2, 3 and 4, respectively, on the inner rectangle. Notice that π i (4) is always the upper right point of the inner rectangle, while the other three permute depending on the parity of c i and d i (the number of crossings in L i , see Figure 1 ). Therefore, π i : {1, 2, 3, 4} → {1, 2, 3, 4} is a permutation so that 4 is a fixed point. This way we can assign an element of the symmetric group of order three (S 3 ) to L i . Composing permutations π i for i = 1, ..., m we get how the four points on the outermost rectangle in L connect to the points on the innermost one. Recall from the construction of L given in Section 2 that L is considered in the solid torus, thus for its outermost term L 1 the left and the right hand side of the outer rectangle are identified (i.e. on the outermost rectangle of L the two upper points and the two lower points are connected). The innermost term L m had no further terms in its inner box, but two horizontal arcs. This means that the two upper points and the two lower points of the innermost rectangle of L are also connected. 
Determining the cases when the winding number w(
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A method to decide whether HFK(−L(a +
In this subsection we give a method to compute the HFK homology of the third term (−L(a+ b + 1, 1), K 0 ) in the distinguished triangle of knots in Figure 4 
From L k,l we can obtain L by removing 2a + 2b + 1 half twists, which is equivalent to writing 1 instead of a 1 in the continued fraction expansion of the corresponding rational number. Two-bridge knots are alternating knots, therefore their Alexander polynomial and signature are easily computable and they determine their knot Floer homology. The following theorem is known: 
where i denotes the Alexander grading and j the Maslov grading. Now, it is enough to compute the value of the Alexander gradingÃ = A(L(L k,l )). By [11] ,
is the difference of up-cusps and down-cusps in the diagram of L (Figure 1) , that is always 0. However, we will see that tb depends on the parity of c i 's and d i 's in the terms of L. We know that tb = wr − 1 2 #cusps, where wr is the writhe, the signed sum of crossings in the diagram and #cusps denotes the number of cusps. The number of cusps is always 2
For computing the writhe we need to know the sign of the crossings in L. We will determine these termwise for each L i : In L i there are c i + d i crossings. The sign of all the upper crossings (c i in Figure 1 ) is the same, and so is for the lower ones (d i in Figure 1 ). Note that the sign of a crossing only depends on the parity of d i and on the orientation of the arcs of the outer rectangle of L i . Without loss of generality we can assume that the orientation of L is so that for every term L i the upper right arc numbered with 4 in Figure 1 is pointing outwards from the outer rectangle.
Proposition 3.2. The following procedure gives wr( L).
In Figure 6 we show a diagram that helps the computation. First, we write and check the method in details, then we demonstrate the computation on an example.
For a term L i the signs < and > ("coming in" or "going out") in a box in Figure 6 show the orientation of the arcs at the outer rectangle of L i , that is, the arcs numbered with 1, 2, 3 and 4 in Figure 1 . The lower right box is marked, which means that this shows the orientations of the arcs at the outer rectangle of the first term L 1 . (We are only interested in the cases when the winding number w( L) = 0 and since we assumed that the upper right arc always points outwards from the outer rectangle, this is the only possible orientation for L 1 In the diagram there is a box corresponding to that orientation of the outer arcs and a unique arrow from that box corresponding to the parity. The endpoint of this arrow gives the orientation of the arcs entering the inner rectangle of L i (that can be considered as the outer rectangle of L i+1 ). It is not hard to check that the number written on this arrow is the signed sum of crossings in L i .
Starting from the lower right marked box, follow the arrow corresponding to the parity of c 1 and d 1 and consider the number written on it, that is, the signed sum of the crossings in L 1 . The endpoint of this arrow gives the orientation of the arcs entering the inner rectangle of L 1 , which is the same as the outer rectangle of L 2 . Now start again from this box (the endpoint of the previous arrow), follow the corresponding arrow according to the parity of c 2 and d 2 , and add the number written on it to the previously counted signed number of crossings.
Then continue this procedure for every term L i starting from the box which was the endpoint of the previous arrow, follow the arrow corresponding to the parity of c i and d i , and add the numbers written onto it. At the end, we summed all the crossings of L with the proper signs, this way we got wr( L). 
Proof of Lemma 2.2. To see that the homology vanishes we give a bound on the
Recall that tb = wr − 
For the rotation number, we have rot(L k,l ) = 
Applying Seifert's algorithm, we get a genus g Seifert surface of K 0 . Computing the Euler characteristics we get
It is known that the Seifert genus g S ≤ g bounds the largest Alexander grading with non-trivial knot Floer homology in HF K(−L(a+b+1, 1), K 0 ) [10] . In our case g <Ã, therefore HFK vanishes in Alexander grading
Using the above methods we can tell from the continued fraction expansion of any rational number whether the proof of Theorem 1.1 can be adapted for the corresponding two-bridge knot. This way we get further examples of Legendrian non-simple two-bridge knots. In Table 1 we show a few of the infinitly many examples that are not included in the infinite family of Theorem 1.1. Here, we cannot always use the genus bound the way we did in the proof of Theorem 1.1. However, after using the above algorithms to compute the necessary data, we can prove that the HFK homology of the third term vanishes on the appropriate Alexander grading. This means that the same proof works to show they are Legendrian non-simple. We show the computations for such a knot in Example 3.4. 
